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Equations (2.3), (2.9), and (2.10) of [1]  describe the flow of a 
thin l aye r  of l iqu id  on the surface of a ro ta t ing bodyof revo lu t ion .  We 

use the symbols of [1] and put q = 0 and j = 0 to ge t  for the case of 
ax ia l ly  symmet r i c  flow that  

Q~ d r .  r" ;'. 
Q - r ( x )  ' d x  - - - -  r ~ 2 - - 2 ( o r ' - -  ~-~Q v v 2 ,  ( l )  

dh  cd-'rr" - : 2o~v._,r" - -  v ~ e r ' / r  - -  Q Q ' / h " -  - s  ~ (2) 
d.,' - -  / - -  Q2 / h.~ "' 

Q - ~ h ,  

/ = (~oh' i- 2coy,_ !- v~ / r) V i  - -  (/)'-', Qo := ~oas t .  (3) 

We e l i m i n a t e  Q from (1) and (2) to ge t  a system of two ordinary 
d i f ferent ia l  equat ions that  are eas i ly  in tegra ted  numer i ca l l y  provided 

that  v z and h are known at some point  x = x 0. 
The c r i t i c a l  depth is def ined by]ha,  = Q Z f o r a  g iven  Q; if  h >  h , ,  

the flow is subcr i t ica l  and v ice  versa. 
The d imensionless  res is tance coef f ic ien t  k appears in  (1) and (2); 

this is best der ived for turbulent  flow from the gene ra l i zed  re la t ion  

for C [2] in the case of open flow, which was der ived via  the semi-  

e m p i r i c a l  theory of turbulence.  This re la t ion  incorporates  the rough- 

ness e, the v iscos i ty  ~, and the slope i of the bed, 

h 
C ~ 2 O l g  , ~ , (4) 

e + 0.385~'j ] / g h i  

provided that  i t  is cor rec t  to r ep lace  the hydraul ic  radius by the depth 

h of the flow. Formula (4) appl ies  for hydrau l i ca l ly  smooth walls,  

for c o m p l e t e l y  rough walls,  and for the t ransi t ion region, i. e . ,  for 

the ent i re  region of turbulent  flow. From 

C = 8]/~7Z#~, v = ] / 8 g h i / L  

we readi ly  transform (4) to 

, 8 ) ' ,  2~, ( +  <385 ( vh \  
. =---~Tg ~g + ~ . ~ /  , R _  v /  (~) 

From l a m i n a r  flow, k = 24 /R ,  which follows from a cons idera t ion  

of l amina r  flow of a viscous l iqu id  with a free surface. 
If a flow of l iquid  is a d m i t t e d  to the surface of a ro ta t ing  cone  in 

such a way that  v z = 0 at  the point  of admission,  we can  measure  the 

depth h at  this point  to get  the necessary boundary condit ions for (1) 

and (2). The constant  Q0 = QJ2"x,  in wbXch QI is the flow rate.  

For a cy l ind r i ca l  tube (r '  = 0), system (1)- (3)  becomes  

d~ - -  8Q vv2. 

d h  ) .vQ 
d:~ = - -  8h  z (oo~-r - -  2o)v,_ z, ee/r __ Q._,/hS) , Q = const .  (6) 

If we consider  the spiral  flow in a thin layer  that  satisfies the 

boundary condi t ion ,  we get  v 2 -= 0, and so the shape of the free surface 

is def ined by 

d h / d x  = - - U s Z  Q2/(o)~ rh  a -  @),  (~) 

This shows that  r '  = 0 al lows only two forms for the free surface 

( subcr i t i ca l  and supercril~cal) ,  the c r i t i c a l  depth being g iven  by 

h ,  = (1Is Q h / . ~  2 r 3 c0~)"~= eons t .  

In the supemr i t i ca l  s tate we expec t  a continuous reduct ion in  h, 

whi le  in  the subcr i t ica l  one we expec t  a continuous increase .  

Equation (7) co inc ides  with the hydrau l ic  equa t ion  for s t eady- s t a t e  

mot ion  of water  in  a p r i smat ic  bed of zero slope [3],  with the c e n -  

t r i fugal  a cce l e r a t i on  a}r rep laced  by the force of g rav i ty  g; we there-  

I 2 J ~ a- 

Fig. 1 

~ 7~ 
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fore do not need to repea t  the a rgument  of [3],  and we use the resutt 

from hydraul ics :  the c r i t i c a l  depth is set up at  the onset when the flow 

moves  in  a bed of zero slope. 
Figure 1 shows the apparatus  for e x a m i n i n g  such flows on a rotat ing 

cone.  Shaft 2 bears con i ca l  drum 6 in bearings 1 and 4, the sha f tbe iug  

be l t - d r i ven  from a d c  motor  whose speed is cont ro l led  with a rheostat .  

The water  passes through gland 3 and slot  8 into the hol low shaft, The 

water  then  passes through holes  at  the point  of a t t a c h m e n t  of cone  8 

to shaft 2 into the slot formed by desk 6 (50 = 1 ram).  The outgoing 
water  is c o l l e c t e d  in a ring 7 and passes to a measur ing  tank. 

Figure 2 shows the dev ice  used to measure  the thickness of the 

layer .  Needle  2 is held in holder  3, which can  move  re ia t ive  to body 

6, which i t se l f  may be turned by m e c h a n i s m  7 re i a t ive  to shaft 5. 

Holder 3 at  point  B is in con tac t  with the knife of d i sp l acemen t  indi-  

t u t o r  8, which is mounted  on the f rame.  
Needle  2 is jo ined  by wire 4 to a dev i ce  that  i nd ica t e s  con tac t  

with the l iquid ,  the c i r cu i t  being provided by the m e t a l  cone  and the 

needle .  
The marked  turbulence  causes  the free surface to f luc tua te  con-  

s iderably ,  and, in genera l  h = hi(t) is a random function; a m e a n  h 

has therefore  to be de te rmined ,  e . g . ,  the depth such that  the needles  

spend hal f  of a g iven  in te rva l  T in  the l iquid  and ha!f  in the air. Con- 

t ac t  with the l iqu id  unba lances  an ac br idge  con ta in ing  the need le  in 

one arm, the bridge operat ing at  N o = 15 kHz. The vo l t age  across 

the measur ing  d iagonal  is used to produce pulses, which are counted.  

The t i m e  of con tac t  is then def ined by the number  of pulses recorded 

in t i m e  T to wi thin  one period of the sine wave. The reading is de- 
t e rmined  by N o i f  the need l e  touches the cone  or is c o m p l e t e l y  i m -  

mersed in  the l iquid.  The need le  is adjusted to g ive  a count N = N0/2 
in order to de te rmine  h. Each measu remen t  was m a d e  with QI = con- 

stant and n = constant ,  in wMch Q1 is the vo lume flow rate and n is 

the speed of rotat ion.  The lion, rate is measured  vo lume t r i c a l l y ,  ~,taile 

n is measured  to 2% with a t achomete r .  
The system is first adjusted to touch the c o n i c a l  surface with the  

cone  at rest, the reading k 0 of the ind ica to r  be ing taken.  Measure- 

ments  were made  at in tervals  of 20 m m  along the cone.  
Reading k~ corresponds to the m e a n  depth at  steady Ql and n, so 

h = (h- -ko)  1I// ,  (8) 

in which Z ~ is the dis tance  from the point  to the axis of ro ta t ion of 

the holder  and l is the d is tance  from that axis to the point  of con tac t  

with the knife (Fig. 2). 
The error of measu remen t  may  be es t imated  from (8). The re l -  

a t ive  errors in l and Z~ do not exceed  0.1%, whi le  the r e l a t i ve  error 
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x-- i5 35 55 

h ' =  1.850 1.820 1.830 
h-- t .6t3 1.583 1.559 
8= t2.8 13 15.3 

h ' --  0.745 0.772 0.672 
h-- cL650 0.527 0.518 
6-~ 12.7 31.8 22.9 

75 95 1t5 135 155 175 195 2tl 

1.690 1.55 t.380 1.490 t.459 t.270 1.090 0.675 
1,5t4 1.476 1.433 1.382 1,322 1.247 1,t47 o.988 

10.4 1.6 3.84 7.25 8.85 t.80 5.22 46.5 

0.655 0.56t 0.595 0.(~30 0.592 0.6(/0 0.535 0.343 
0.515 (/.5t2 0.5'}8 0.505 0.59t (L'~97 (~.z,94 0.49~ 

21.4 8.74 t4.6 19.8 t5.1 17.2 42.5 3q.2 

in the counting system does not exceed 2~ the relative error in h also 
includes the relative error of the indicator. The relative error in de- 

--s Tq- L, _n 

I ~_......; 

i 2 ~ 7  

Fig. 2 

termining k 0 consists of that in positioning the cone relative to the 
axis and {hat of the indicator. The absolute magnitudes of these two 
errors are 0.015 and 0.002 mm, and so the relative error in h is 

'q = 0.02t -~ 0.0t9 [ ( k l - - k o ) ,  

in wNch kl -- k o ranges from 0.2 to 0.7 ram. The ~ for kl - ko of 0.2, 
0.45, and 0.7 mm are 11.6, 6.3, and 4.9%. 

The measurements were made for several conditions. Let x be 
the distance along the cone from disc 6 (Fig. 1); D O = 218 mm and 
the length L = 215 ram. The surface finish of the cone corresponds 
to e on Al'tshul's scale [2] from 2 �9 10 -a to 2.10 -~ cm. Calculation 
for the free surface on a cylinder @ = 0 ~ reduces, from (7), to the 
integration 

/ (o!r 
,(~ - -  j~ i ~ - _  h:~ - l i d h  ( h = h ,  for ~ :~L) ,  

Equations (1)-(3) were used in calculating h as a function of posi- 
tion along the cone; these are compared with the measured h'  (ram) 
(see table). 

The values in the upper part are for p = 0 ~ Q1 = 850 cm3/sec, 
a n d n =  600 rpm, while those in the Iower part are for r = 8 ~ QI = 
= 500 cm3/sec, and n = 900 rpm. The discrepancy 6 = l h ' -  h J / h '  
(in %) is largest near the start and end, where end-effects make 
themselves felt; the region of initial perturbation increases with Q1, 
but the flow may be considered as axially symmetrical and steady at 
a distance of 12-14 em, and here 3 ranges from 1 to 14~ in part 
because (1) and (2) are approximate [1]. 

We are indebted to V. V. Zykov for making the instrument for 
measuring the thickness and to O. V. Salych for assistance in the 
measurements. 
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